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We show that genuine multipartite entanglement of all multipartite pure states in arbitrary finite
dimension can be detected in a device-independent way by employing bipartite Bell inequalities on
states that are deterministically generated from the initial state via local operations. This leads to
an efficient scheme for large classes of multipartite states that are relevant in quantum computation
or condensed-matter physics, including cluster states and the ground state of the Affleck-Kennedy-
Lieb-Tasaki (AKLT) model. For cluster states the detection of genuine multipartite entanglement
involves only measurements on a constant number of systems with an overhead that scales linear with
the system size, while for the AKLT model the overhead is polynomial. In all cases our approach
shows robustness against experimental imperfections.
Introduction.— Entanglement is an exclusive feature
of quantum physics. As such it is believed to be the
key ingredient in various quantum information processing
tasks, like e.g. quantum computation, quantum metrol-
ogy and, to some extent, quantum key distribution. En-
tanglement is a direct consequence of the fact that quan-
tum states are modeled as operators on the tensor prod-
uct of the Hilbert spaces for each system. From this
mathematical perspective the question of entanglement
detection has been solved, most notably by the approach
based on entanglement witnesses [1].
However, from a more physical perspective such a view
is not fully satisfactory, as in order to be applied to an
experiment it requires to assume a given dimension for
the Hilbert space of each system and an exact quantum
description of the measurement devices. Yet, it is hard to
characterize a measurement device exactly, and moreover
a physical system typically has access to more levels and
degrees of freedom than one uses to describe its state.
Hence neither of the assumptions can be fully verified in
practice.
The most radical way to overcome these problems is
offered by device-independent methods, which allow one
to detect entanglement solely based on the Bell-like corre-
lations of measurement outcomes collected in the experi-
ment. While for the bipartite case many results of funda-
mental interest have been obtained [2–6], less is known for
multipartite case. In particular, when it comes to gen-
uine device-independent entanglement, results are only
known for a few states [7–16]. This has to do with the
difficulty to obtain multipartite Bell inequalities suited to
specific states: typically, the starting point of the anal-
ysis is a fixed set of known Bell inequalities rather than
the states themselves. In addition, multipartite Bell in-
equalities such as the Svetlichny inequality are inefficient
to test experimentally, as they require an exponentially
increasing number of measurement settings.
Here we circumvent these difficulties by introducing a
scheme that allows one to detect genuine multipartite en-
tanglement by testing bipartite Bell inequalities on states
that are generated deterministically from the initial state
via local operations and classical communication(LOCC)
(see also [17, 18] for a related approach). By using a cov-
ering set of such pairs, we derive a multipartite Bell in-
equality and show that a sufficiently large violation of the
bipartite inequalities allows one to certify genuine multi-
partite entanglement in a device-independent way. This
approach is not restricted to pure states, but has also
some built-in robustness against noise and imperfections.
We show genuine multipartite entanglement for all entan-
gled pure states with arbitrary (finite) local dimension,
and also for all mixed states that are sufficiently close
to any such state. What is more, we obtain a scheme
that is experimentally efficient for large classes of inter-
esting states, including all (weighted) graph states with
constant degree [19–22] and ground states of 1d spin mod-
els such as the AKLT model [23]. That is, only a con-
stant (logarithmically growing) number of parties needs
to be measured, and the overhead in terms of measure-
ment settings is only linear (polynomial) in the system
size N respectively, as opposed to previous schemes that
scale exponentially with N .
Statement of the main results.— Let N ∈ N denote
the number of parties, V = {1, ..., N}, Ek = {ik, jk} with
ik, jk ∈ V be pairs of parties and E = {E1, ..., EK} their
union. We define a graph G = (V,E) by associating the
parties with vertices and the pairs Ek with edges. We say
that E is a covering set of pairs for the N -partite system
if the corresponding graph G is connected.
The main result of this manuscript is the following:
Theorem 1
Let |ψ〉 be a state in the Hilbert space ⊗Ni=1Cdi , where
di ∈ N for all i ∈ {1, ..., N}. If there exists a covering set
such that for each pair in it there exist local operations
and classical communication such that one can produce
an entangled pure state between the two parties in all
branches of the LOCC protocol, then one can show gen-
uine multipartite entanglement between all N parties in
a device-independent way.
Sketch of the proof: The idea behind the proof is the
following. One constructs a Bell expression by consider-
ing the sum of all bipartite Bell expressions for the pairs
of parties appearing in the covering set E and all branches
of the LOCC protocol (that all result in a pure entangled
state of the chosen pair Ek). The bipartite Bell inequali-
ties are chosen to reach the quantum bound β∗ for each of
the states, which is in fact possible due to a recent result
[4]. One then shows that the quantum state achieves a
value for the multipartite Bell expression which is incom-
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2patible with any biseparable quantum state
%BS =
∑
λ
∑
g1∩ g2=∅
g1∪ g2={1,...,N}
p (λ) ρg1(λ)⊗ ρg2(λ) (1)
of arbitrary local dimensions. Here the sum over g1 and
g2 cover all possible splittings of the N parties in two
groups, ρg1 are ρg2 are arbitrary joint quantum states of
the parties belonging to the corresponding group, and λ
is the hidden variable.
For each pair of parties and each component of the
biseparable state expansion appearing in Eq. (1) there
are two possibilities regarding the expectation value of
the bipartite Bell expressions in the multipartite Bell in-
equality. Either the two parties appearing in the bipar-
tite inequality belong to same group g1 or g2, in which
case they may always achieve the maximal value of the
Bell expression β∗. Or they belong to different groups g1
and g2, in which case they end up in a separable state in
each branch of the LOCC protocol and can at most con-
tribute a value corresponding the local bound βL < β∗.
Since E is a covering set of pairs, for each grouping g1|g2
in the biseparable state expansion of Eq. (1) there will
be at least one term in the Bell expression, correspond-
ing to some pair Ek, whose value is limited to βL < β
∗.
Hence, the expected value of the overall Bell expression
on a biseparable state ρBS is also strictly smaller than
β∗. For a detailed proof see the appendix.
In fact, in the ideal case, where the observed viola-
tion of the constructed Bell expression is maximal β∗,
we show that it is incompatible with any quantum state
(1 − εBS)%Q + εBS %BS that has a non-zero biseparable
weight εBS, i.e., with any mixture of a genuinely multi-
partite entangled state and a biseparable state with arbi-
trarily small nonzero weight. We will also use this prop-
erty to show the robustness our result later in the paper.
Theorem 2
All genuine entangled pure states fulfill the require-
ments from Theorem 1.
Sketch of the proof: One can show that almost any
measurement brings a genuinely entangled N -partite
state |Ψ〉 to d1 post-measurement (N − 1)-partite gen-
uinely entangled states |Ψk〉, where d1 is the local Hilbert
space dimension. This can be iterated until one arrives
at a bipartite state. The set of measurements for which
it does not work is of measure zero in each step. This
guarantees that there are measurements on N −2 parties
such that one obtains an entangled bipartite state in all
branches. For a detailed proof see the appendix.
While this works for all pure states, in general the pro-
tocol is not efficient. From the proof of Theorem 2 one
sees that up to N − 2 parties need to carry out measure-
ments with at least two outcomes each. This gives rise to
exponentially many branches in which one needs to test
a bipartite Bell inequality. However, there are families
of states for which only a limited number of parties are
involved in the LOCC protocol for each pair, and thus
the protocol is efficient. This is described in more detail
in the next section.
The results above are very general. We now illustrate
its usefulness with some examples of classes of states for
which one can (efficiently) show genuine multipartite en-
tanglement in a device-independent way.
Connected, generalized and weighted graph states.—
This family of states plays an important role in quan-
tum information, in particular in the context of quantum
error correction, measurement-based quantum computa-
tion and quantum networks. It has first been defined for
qubits [19–21] and later been generalized to higher local
dimensions [24, 25]. The toric code and its generalizations
[26] also belong to this family. For qubits, weighted graph
states [22] can be defined by |G〉 = ∏{i,j}∈E Uij |+〉⊗N
Here, Uij = diag(1, 1, 1, e
iφij) in the computational ba-
sis, |+〉 is the +1 eigenstate of the Pauli X operator
and V and E are sets of vertices and edges as above.
If G = (V,E) is connected, then the (weighted) graph
state |G〉 is said to be connected. For a discussion of the
case of local dimension d > 2 see [24, 25].
It is easy to see that these states fulfill the requirements
from Theorem 1. The set E itself is a covering set of pairs
and any pair in it can be isolated via measurements of all
qubits in the neighborhood in the computational basis
[19–21], since the gate Uij commutes with the measure-
ment in the Z basis. The efficiency of the protocol de-
pends on the number of outcomes for the measurements
of the qubits in the neighborhood of each pair. The num-
ber of neighbors is specified by the degree deg(G) of the
graph, and is at most 2 · deg(G). For all measurement
outcomes, one obtains a state that is equivalent up to lo-
cal Pauli corrections to Uij |+〉⊗2. The covering set can
always be chosen to contain at most N pairs. This can
be achieved by first choosing one vertex and adding all
edges connecting this vertex to the set E′. One then con-
tinues this step for all neighbors of this vertex, but adds
only those edges that connect vertices which were not al-
ready connected in the previous round. The size of the
neighborhood, i.e., the number of vertices adjacent to a
pair, enters exponentially in the total number of oper-
ators which need to be measured. This is because one
has to take all measurement outcomes into account. For
qubit graph states one has to optimize over all possible
covering sets and over all local unitary (LU) equivalent
states for each pair individually. The concept of local
complementation can substantially change the degree of
a graph, e.g. for a binary tree graph a sequence of local
complementations [20, 21] can change the degree from 3
to N − 1 and vice versa. In particular, as long as the
maximal degree of the graph grows at most logarithmi-
cally with number of vertices N the protocol is efficient.
For constant degree one indeed obtains a linear scaling,
as there are only linearly many terms in the Bell inequal-
ity, and each has support on a constant number of parties
only. This holds e.g. for prominent graphs states defined
on square and triangular lattices, which are also universal
resources for measurement-based quantum computation
[21, 27].
Affleck-Kennedy-Lieb-Tasaki model.— The AKLT
model [23] is a generalization of the one-dimensional
(quantum) Heisenberg spin model, with Hamiltonian
H =
∑
j S(j) · S(j+1) + 13 (S(j) · S(j+1))2 where Sj is the
spin-1 operator acting on system j. The model is ex-
3actly solvable and can be viewed as a prototype of a ma-
trix product state (MPS) [28] (for reviews see [29, 30]).
One can certify genuine multipartite entanglement in the
AKLT model in a device-independent way efficiently. The
preparation of entangled states of pairs (j, j + 1), as re-
quired in Theorem 1, can be achieved by measuring only a
small neighborhood of each pair, and for all measurement
outcomes one is left with an entangled pair. Using the
notation introduced in Fig. 1, it suffices to measure the
neighboring spins of the pair in the basis {∣∣0˜〉 , ∣∣1˜〉 , ∣∣2˜〉},
where each outcome occurs with probability one third.
For outcomes corresponding to
∣∣0˜〉 and ∣∣1˜〉 the chain is de-
coupled, and for the outcome corresponding to
∣∣2˜〉, which
corresponds to entanglement swapping at the level of the
virtual links, one has shifted the problem of cutting to the
next site. One can then repeat the probabilistic cutting.
Measuring n sites on each side of the pair results in a suc-
cess probability of cutting out the pair of pcut ≥ 1−2( 13 )n.
The state of the resulting pair depends on the outcome
of the measurements, and is always entangled and pure
[31]. The success probability goes to one exponentially
fast with n. From the results presented below, it follows
that n = O(logN), as such a reduced success probability
yields a smaller, non-maximal violation of the bipartite
inequality. This corresponds to a polynomial number of
measurement settings and hence an efficient scheme to
detect genuine entanglement in the AKLT model. See
also the appendix.
FIG. 1. Pictorial representation of the AKLT state. There
are two virtual qubits (blue dots) at each site. Dots con-
nected by an edge represent singlet states
∣∣ψ−〉 and ellipses
refer to projections onto the three-dimensional triplet sub-
space, where one makes the following identification:
∣∣0˜〉 =
|00〉 , ∣∣1˜〉 = |11〉 , ∣∣2˜〉 = ∣∣ψ+〉 = 1√
2
(|01〉+ |10〉).
Dicke states.— Dicke states [32] are an impor-
tant class of multipartite entangled states. An N -
qubit Dicke state with k excitations is given by∣∣DNk 〉 = (Nk )−1/2∑permutations |1〉⊗k |0〉⊗N−k, where the
sum refers to all permutations of the parties. Entan-
gled states for any pair of parties can be produced de-
terministically via Pauli Z and X measurements (see the
appendix) and thus it follows from Theorem 1 that one
can show genuine multipartite entanglement in a device-
independent way.
Robustness and experimental feasibility.— The ro-
bustness to imperfections is crucial for the experimental
feasibility of any protocol. We show that our method
to reveal genuine multipartite entanglement is robust to
noise and study two different situations. From the anal-
ysis presented in the appendix it follows that in the pres-
ence of a non-maximal violation of the bipartite inequal-
ity one can show genuine entanglement only for up to
M =
⌊
β∗ − βL
β∗ − β
⌋
(2)
parties, where β is the observed value of the bipartite
inequality. One sees that the robustness is determined
by the ratio of the local bound βL and the quantum
bound β∗. However, one obtains a certain robustness
for any entangled pure state. That is, there exists an
-ball of non-zero measure around each entangled pure
state where we can confirm genuine entanglement with
our method. Consider ρ = (1− )ρ + /dNI, i.e., a mix-
ture of the state with the identity on the whole space of N
qudits. In this case the observed value β = (1−)β∗, and
we obtain that we have genuine N -party entanglement if
 ≤ (1 − βL/β∗))/N . When using the tilted CHSH Bell
inequality for qubits [33], the robustness is connected to
the amount of entanglement of the produced pairs, as
the ratio of βL/β∗ is smaller for pairs with more entan-
glement, leading to a better robustness. Finding new Bell
inequalities with a better ratio will therefore improve the
experimental feasibility.
We now turn to an explicit example and consider the
impact of local depolarizing noise (LDN) acting on each
qubit of a cluster state. LDN can be viewed as a worst
case local noise model [34]. It is parametrized by p ∈
[0, 1], where p = 1 corresponds to no noise and p = 0
to complete depolarization and is described by a map
E(p)ρ = pρ+ (1− p)/4∑j σjρσj . We choose 1D and 2D
cluster states for testing the robustness and assume an
infinite system size (or periodic boundary conditions). In
Fig. 2 we plot the number of parties M for which one can
show genuine multipartite entanglement as a function of
the noise 1 − p. We choose a covering set which only
contains nearest neighbor pairs. For cluster states it is
possible to establish maximally entangled states between
any pairs and hence we employ the CHSH inequality [35]
as the bipartite Bell inequality, which has β∗ = 2
√
2 and
βL = 2.
The plots suggest a polynomial relation between p and
M .
In addition, we investigate a setup where 1D cluster
states are generated via imperfect gates. Imperfect op-
erations are modeled by LDN acting before the perfect
operations. We use two different parameters p1 and p2
characterizing noise the of single- and two-qubit opera-
tions (for more details see the appendix). The maximal
number of parties for which genuine multipartite entan-
glement can be shown is plotted in Fig. 3 as a function
of p1 and p2.
Conclusion and outlook.— In this work we have in-
troduced a scheme to detect genuine multipartite entan-
glement in a device-independent way based on bipartite
Bell tests of entangled pairs that are deterministically
generated from the initial state via LOCC. This allows
not only for the detection of genuine entanglement of all
pure states, but it is also applicable to mixed states with
a sufficiently small amount of noise. The robustness of
the scheme is directly related to the ratios of the local
bound and the quantum violation of bipartite Bell in-
equalities, and any improvement on such inequalities di-
rectly leads to a larger set of states whose genuine entan-
glement can be certified device independently using our
approach. While in general the scheme is not efficient, for
important classes of states including the AKLT model
and the 2D cluster state (which is a universal resource
for measurement-based quantum computation), we have
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FIG. 2. (a) Plot of the maximal number of parties for which
one can certify entanglement as a function of the noise 1− p.
(b) Similar plot for larger, experimentally better accessible
values of 1− p.
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FIG. 3. Plot of the maximal number of parties for which one
can certify genuine multipartite entanglement as a function of
the noise 1− p1 and 1− p2.
shown that our certification scheme is efficient and hence
directly experimentally applicable.
We finally remark that a similar approach can be em-
ployed to reveal genuine non-locality for large classes of
states [36], where in this case the criterion is more strin-
gent as maximally entangled qubit pairs on a covering set
need to be generated deterministically. Still, many mul-
tipartite states including the toric code, the ground state
of the AKLT model or all connected graph states, can be
shown to be genuine non-local.
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APPENDIX
PROOF OF THEOREM 1
We now construct the Bell expression. By the premise
of the theorem, for each pair Ek = (ik, jk) in the cover-
ing set E there exists a LOCC protocol, such that each
branch results in a pure entangled state
∣∣Ψ(µ(k))〉 shared
by the parties ik and jk, where µ
(k) describes the branch
of the LOCC protocol, i.e., it contains the ordered se-
quence of all the inputs (specifying the local operations)
and outputs (labeling the obtained outcomes) of all the
parties that lead to the state
∣∣Ψ(µ(k))〉. Note that we
can always tailor the LOCC protocol such that all possi-
ble branches µ(k) occur (if a protocol eventually contains
an operation with an outcome which never occurs for our
input state one can simply merge this outcome with an-
other one without altering the action of the protocol on
that state). For any entangled bipartite state
∣∣Ψ(µ(k))〉
there exists a tailored Bell inequality which it is maxi-
mally violated by this state. In the two qubit states it
is enough to consider the tilted-CHSH family of Bell in-
equalities [33] for this purpose, and the general case has
been recently shown in [4]. Let us denote the coefficients
of this Bell test by By|b |µ(k) , where y are the outputs
and b the inputs of the measurements performed by the
remaining parties ik and jk on the resulting state. In ad-
dition, we can always rescale the coefficients of the Bell
expression such that the its maximal quantum value, at-
tained by the state
∣∣Ψ(x(k)a(k))〉 for the correct measure-
ment, is given by some predefined constant β∗, while the
local bound βL < β
∗ remains strictly smaller. We now
define the following Bell test
BEk =
∑
µ(k)
∑
y,b
By|b |µ(k) (3)
and consider its expected value for our initial state. The
Bell test consists of ascribing the value By|b |µ(k) to the
event where the LOCC protocol resulted in the branch
µk and the subsequent measurements of the parties ik
and jk with setting b resulted in outcomes y. The ex-
pected value of this Bell test on our state is hence given
by value 〈Bk〉 = β∗, since this is the expected value for
each branch.
Next consider the global Bell test which consists of the
sum of Bk defined above for all pairs (ik, jk) appearing
5in the covering
B =
∑
Ek∈E
BEk . (4)
Its expectation value on the initial state is simply given
by 〈B〉 = β∗K, the expected value β∗ of each Bk times
the number of pairs K in the covering set E. This is still
the maximal possible quantum value for the test, as it
can not be improved for none of the pairs Ek and none
of the branches µ(k).
We now show that this value cannot be achieved by a
bi-separable quantum state
%BS =
∑
λ
∑
g1∩ g2=∅
g1∪ g2={1,...,N}
p (λ) ρg1(λ)ρg2(λ) (5)
Since E corresponds to a connected graph for any term
g1|g2 in the model (5) there is at least one pair Ek such
that ik and jk are in different groups. By definition of
LOCC, these parties ik and jk starting in different groups
remain in a separable state in each branch of the protocol
ρg1(λ)ρg2(λ)
µ(k),trik,jk−−−−−−−→
∑
ξ
p(ξ)ρik(ξ)ρjk(ξ). (6)
Hence the expectation value of the BEk is bounded by
some local bound βL < β
∗ which depends on the partic-
ular form of the inequality but is anyway strictly smaller
than the quantum value attained by the target state. It
follows for that the expected value of the global Bell test
for a biseparable state
〈B〉BS ≤ (K − 1)β∗ + βL < Kβ∗. (7)
Hence, observing the value Kβ∗, or equivalently, reach-
ing the maximal quantum value in each branch of the
LOCC protocol for all pairs in the cover E rules out
a biseparable model. Therefore one can conclude that
the statistics are only compatible with a non-separable
model. This shows genuine multipartite entanglement in
a device-independent way, since there are no assumptions
on the underlying system except that it obeys the laws
of quantum mechanics.
PROOF OF THEOREM 2
Consider an entangled N-partite pure state |Ψ〉. Let d
be the dimension of the first-party Hilbert space support-
ing |Ψ〉. We will now show that theres exists a measure-
ment basis for the first party, for which the post-measured
state of the remaining N −1 parties is fully entangled for
each outcome, i.e., all post-measurement states are en-
tangled, or non-product, in each possible bipartition. By
repeating the argument it is then possible to find mea-
surements for allN−2 parties such that the final 2-partite
state is entangled in all branches of possible measurement
outcomes.
The Schmidt decomposition of the state |Ψ〉 in the
splitting (first party)—(the remaining N − 1 parties)
reads
|Ψ〉 =
d∑
k=1
ak |k〉 |Rk〉 , (8)
with 〈k|`〉 = 〈Rk|R`〉 = δk,`. Let us choose the splitting
of the remaining N − 1 parties in two groups G1|G2. Im-
portantly, there are only finitely many of such splittings,
and for showing entanglement of the post-measurement
state it is sufficient to show that the state is not product
in any splitting.
Consider the projection of the first system onto the
state
|ξ〉 =
d∑
k=1
ξk |k〉 , (9)
which yields the post-measurement state
|Ψξ〉 ∝ 〈ξ|Ψ〉 =
∑
k
ξ∗kak |Rk〉 . (10)
Note that for any such state the probability to get an
outcome is nonzero
∑
k |ξkak|2 6= 0. We are interested in
the set of states
Ξ = {|ξ〉 , such that |Ψξ〉 ∝ |Ωξ〉G1 |Λξ〉G2} (11)
for which the post-measurement state |Ψξ〉 is product in
the G1|G2 splitting. In particular, we will show that it
is a set of measure zero within the d-dimensional Hilbert
space of the first party Hd.
To show this let us take a set of d linearly independent
states {|ζk〉 ∈ Ξ}dk=1 and denote the corresponding post-
measurement states
〈ζk|Ψ〉 = ck |Ψk〉 = ck |Ωk〉G1 |Λk〉G2 . (12)
If such a set does not exist, then all the states in Ξ belong
to a (d− 1)-dimensional subspace of Hd at most and the
proof is complete.
As the states |ζk〉 are linearly independent they define
a basis for Hd (not necessarily orthonormal) , which can
be used to uniquely express any state
|ξ〉 =
d∑
k=1
zk |ζk〉 , (13)
with the normalization constraint
1 = 〈ξ|ξ〉 =
∑
k,`
z∗` G`zk = z
†G z, (14)
where the gram matrix Gk` = 〈ζ`|ζk〉 is invertible due
to the linear independence of {|ζk〉 ∈ Ξ}dk=1. The post-
measurement state reads
|Ψξ〉 =
∑
k
zkck︸︷︷︸
≡yk
|Ωk〉 |Λk〉 . (15)
Hence, in terms of the new parameterization y we want
to show that among all the vectors y normalized as
y† C−1GC−1 y = 1 (16)
6with C = diag{ck}dk=1, the subset satisfying
|Ψy〉 =
∑
k
yk |Ωk〉 |Λk〉 ∝ |Ωy〉 |Λy〉 (17)
is of measure zero. In fact, the normalization of the state
|Ψy〉 as well as a global phase factor is irrelevant for the
proportionality condition above, neither are they impor-
tant for the question of the measure of the set of states
satisfying Eq. (17) (we can equivalently look at the carte-
sian product of normalized quantum states and nonzero
complex number (z, |Ψ〉) ' z |Ψ〉). Hence, we have to
show that the set of complex vectors y ∈ Cd satisfying∑
k
yk |Ωk〉 |Λk〉 ∝ |Ωy〉 |Λy〉 (18)
is of measure zero within Cd.
In addition we know that span{|Ωk〉 |Λk〉}dk=1 =
span{|Rk〉}dk=1 is of dimension d, and
dim
(
span{|Ωk〉}dk=1
)
,dim
(
span{|Λk〉}dk=1
) ≥ 2 (19)
as otherwise there is no possibility for the state |Ψ〉 to be
entangled. Furthermore,
dim
(
span{|Ωk〉}dk=1
)× dim (span{|Λk〉}dk=1) ≥ d. (20)
Qubit case of d = 2
In the case d = 2, there are just two states |Ω1〉 |Λ1〉
and |Ω2〉 |Λ2〉, which moreover are pairwise linearly inde-
pendent 〈Ω1|Ω2〉 6= 1 and 〈Λ1|Λ2〉 6= 1. It follows that
any state
|Ψy〉 = y1 |Ω1〉 |Λ1〉+ y2 |Ω2〉 |Λ2〉 /∈ Ξ for y1y2 6= 0.
(21)
To see this we use the following observation:
Proposition 1. Given four states |a1〉 , |a2〉 ∈ HΩ and
|b1〉 , |b2〉 ∈ HΛ, and a product state |Ψ〉 ∈ HΩ ⊗HΛ, the
following always holds
〈a1, b1|Ψ〉〈a2, b2|Ψ〉 = 〈a1, b2|Ψ〉〈a2, b1|Ψ〉. (22)
Proof. For any product state |Ψ〉 = |Ω〉 |Λ〉 one has
〈a1, b1|Ψ〉〈a2, b2|Ψ〉 = 〈a1, b1|Ω,Λ〉〈a2, b2|Ω,Λ〉
〈a1|Ω〉〈b1|Λ〉〈a2|Ω〉〈b2|Λ〉 = 〈a1|Ω〉〈b2|Λ〉〈a2|Ω〉〈b1|Λ〉
〈a1, b2|Ω,Λ〉〈a2, b1|Ω,Λ〉 = 〈a1, b2|Ψ〉〈a2, b1|Ψ〉 (23)
which proves the proposition.
Decomposing |Ω2〉 = α |Ω1〉 + β
∣∣Ω⊥1 〉 and |Λ2〉 =
γ |Λ1〉+ δ
∣∣Λ⊥1 〉, and using this observation for the states
|a1〉 = |Ω1〉 , |a2〉 =
∣∣Ω⊥1 〉, |b1〉 = |Λ1〉 , |b2〉 = ∣∣Λ⊥1 〉 we get
that a product state |Ψy〉 must satisfy
(y1 + y2αγ)(y2βδ) = (y2αδ)(y2βγ)⇔
y1y2βδ = 0⇔ y1y2 = 0, , (24)
where β and δ are nonzero by 〈Ω1|Ω2〉 6= 1 and 〈Λ1|Λ2〉 6=
1. Hence, there are only the two states with either y1 = 0
or y2 = 0 that lead to a product post-measurement state.
General case d > 2
We will proceed by recursion.
First, let us rearrange the components {|Ωk,Λk〉}dk=1
in such a way that
〈Ω1|Ω2〉 6= 1 and 〈Λ1|Λ2〉 6= 1. (25)
From linear independence we get that 〈Ω1,Λ1|Ω2,Λ2〉 6=
1, hence either 〈Ω1|Ω2〉 6= 1, or 〈Λ1|Λ2〉 6= 1 or both.
If both inequalities hold there is nothing to rearrange.
Otherwise, say 〈Ω1|Ω2〉 6= 1 but |Λ1〉 = |Λ2〉, con-
sider the next components |Ωk,Λk〉 for k ≥ 2. As
dim(span{|Λk〉} ≥ 2 there has to be at least one state
|Ω`,Λ`〉 with 〈Λ1|Λ`〉 6= 1. But in addition, either 〈Ω1|Ω`〉
or 〈Ω2|Ω`〉 has to be not equal to one as |Ω1〉 and |Ω2〉 are
different states. Hence, either the pair (|Ω1,Λ1〉 , |Ω`,Λ`〉)
or (|Ω2,Λ2〉 , |Ω`,Λ`〉) satisfy (25). Next we show the fol-
lowing.
Proposition 2. Given d ≥ 3 linearly independent states
{|Ωk,Λk〉}d−1k=1 such that the condition
d−1∑
k=1
xk |Ωk,Λk〉 ∝ |Ωx,Λx〉 (26)
(for some |Ωx,Λx〉) is fulfilled by vectors x that form a set
of measure zero inside Cd−1, then for linearly independent
states {|Ωk,Λk〉}d−1k=1 ∪ {|Ωd,Λd〉} the condition
d∑
k=1
yk |Ωk,Λk〉 ∝ |Ωy,Λy〉 (27)
(for some |Ωy,Λy〉) is fulfilled by vectors y forming a set
of measure zero inside Cd.
Proof. To show this, first consider the sum of the first
(d− 1) terms. It can be written in the Schmidt form
d−1∑
k=1
yk |Ωk,Λk〉 =
r∑
`=1
b` |O`, L`〉 , (28)
with nonzero coefficients b` and some integer r ≥ 1. We
know that r = 1 is anyway only possible for a measure
zero set of y (from the d − 1 case), hence we can ignore
this case.
For r ≥ 2, from the Prop. 1 with |ai〉 = |Oi〉 and
|bi〉 = |Li〉 to be product the superposition |Ψy〉 ∝∑r
`=1 b` |O`, L`〉+ yd |Ωd,Λd〉 must satisfy
(bi + yd〈Oi|Ωd〉〈Li|Λd〉)(bj + yd〈Oj |Ωd〉〈Lj |Λd〉) =
(yd)
2〈Oi|Ωd〉〈Li|Λd〉〈Oj |Ωd〉〈Lj |Λd〉 ⇔ (29)
yd =
bjbj
bi〈Oi|Ωd〉〈Li|Λd〉+ bj〈Oj |Ωd〉〈Lj |Λd〉 , (30)
for each pair of i and j. This condition yields an equality
constraint on the last element yd. Note also that the
constraint is unchanged if y is multiplies by a constant
y = αx (as for the normalization or the global phase
factor)
αxd =
α2bjbj
α bi〈Oi|Ωd〉〈Li|Λd〉+ α bj〈Oj |Ωd〉〈Lj |Λd〉
⇔ xd = bjbj
bi〈Oi|Ωd〉〈Li|Λd〉+ bj〈Oj |Ωd〉〈Lj |Λd〉 . (31)
7The set of vectors y fulfilling the desired condition (30),
that we just derived, is of measure zero, since its last
component yd is required to have a fixed value.
Given our linearly independent states {|Ωk,Λk〉}dk=1
fulfilling Eq. (25), we have that
• From the result of the d = 2 case the set of y ∈
Ξ2 ⊂ C2 for which
2∑
k=1
yk |Ωk,Λk〉 (32)
is proportional to a product state is of measure zero.
• By using the Proposition 2 recursively we get that
all sets Ξd ⊂ Cd of vectors y for which
d∑
k=1
yk |Ωk,Λk〉 (33)
is proportional to a product state is also of measure
zero. This is precisely what we aimed to show.
Implication for von Neumann measurements
Consider an orthonormal basis {|ψk〉}dk=1 of the Hilbert
space Hd, and let us denote the set of all bases B. Now
consider the subset BE ⊂ B which corresponds to von
Neumann measurements for which the post-measurement
N − 1 partite states 〈ψk|Ψ〉 are entangled in each branch
k = 1 . . . d. This subset consists of all bases for which all
states |ψd〉 are not inside Ξd, i.e., it is given by
BE = B \
(
d⋃
k=1
Ξd[|ψk〉]
)
. (34)
As Ξ is of measure zero on the set of states, Ξd[|ψk〉] is of
measure zero on the set of bases for each k. Hence, a finite
union of such sets
(⋃d
k=1 Ξd[|ψk〉]
)
is also of measure
zero, i.e., BE is of full measure.
So far we considered the entanglement of the post-
measurement state for a particular splitting G1|G2 of the
remaining N − 1 parties, i.e., BE consists of all measure-
ments for which the post-measurement states are entan-
gled in the G1|G2 splitting. But we need the state to be
genuinely entangled, in other words entangled with re-
spect to all possible splittings G1|G2. The set of bases
which satisfies this can be constructed from B by sub-
tracting all bases for which at least one post-measurement
state is product in at least one splitting, formally
BGME = B \
 ⋃
all G1|G2
( d⋃
k=1
Ξ
G1|G2
d [|ψk〉]
) . (35)
Again we only subtracted a finite union of sets of mea-
sure zero from B, therefore BGME is a set of full measure.
So not only there exists a measurement of the first party
for which all post-measurement states are genuinely en-
tangled, but almost all measurements (except a measure
zero subset) are like that.
From N to 2 parties
We have shown that almost any measurement brings
the genuinely entangled N -partite state |Ψ〉 to d1 post-
measurement (N − 1)-partite genuinely entangled states
|Ψk〉. This procedure can be continued by measuring
the next subsystem of dimension d2, again almost any
basis (in fact we do not even need to make it depend
on k) yields d1d2 genuinely entangled (N − 2)-partite
states. Finally, there exist local measurements for N − 2
parties yielding d1d2 . . . dN−2 genuinely entangled bipar-
tite states on the remaining two parties. In fact, almost
any choice of local measurements satisfies this, as again
the construction of such a set corresponds to subtract-
ing finitely many measure-zero states from the set of all
possible local measurements. This means that there exist
fixed local measurements which yield entangled bipartite
states for any choice of the two parties.
GENERALIZED GRAPH STATES
Graph states were generalized to dimensions d > 2 [24,
25]. The generalized graph state of N qudits can then be
defined as
|G〉 =
∏
{i,j}∈E
C
wij
ij |+〉⊗N . (36)
Here, Cij is a controlled operation defined by
Cij |k〉i |l〉j = ωkl |k〉i |l〉j with ω = e2pii/p.
{|k〉}k∈{0,...,p−1} denotes the computational basis of
Cp and |+〉 = 1√p
∑p−1
k=0 |k〉. Each edge {i, j} has a
weight wij ∈ Fp, where Fp is a finite field of order p.
Similar to the qubit case one can cut out a pair of
(connected) qudits by measuring the neighborhood in the
computational basis [24, 25].
MORE DETAILS ON THE AKLT MODEL
As discussed in the main text, one can probabilis-
tically cut the chain by measuring a site in the basis
{∣∣0˜〉 , ∣∣1˜〉 , ∣∣2˜〉}, where one identifies the physical three-
level system with the virtual correlation space via
∣∣0˜〉 =
|00〉 , ∣∣1˜〉 = |11〉 , ∣∣2˜〉 = |ψ+〉. For the cases where one
projects on
∣∣0˜〉 and ∣∣1˜〉 the chain gets decoupled, whereas
for the
∣∣2˜〉 case one performs entanglement swapping on
the virtual |ψ−〉 states shared between neighboring sites.
In this case one creates a virtual pair in the state |ψ+〉
between the sites i − 1 and i + 1 and the (measured)
site i is removed from the chain. Thus one ends up in
a situation similar to the original one, up to a Pauli Z
correction in the virtual space. One proceeds by measur-
ing site i + 1 in the basis {∣∣0˜〉 , ∣∣1˜〉 , ∣∣2˜〉}. Again, if one
obtains
∣∣0˜〉 and ∣∣1˜〉 the chain gets decoupled, otherwise
one creates a |ψ−〉 state shared between sites i − 1 and
i+ 2. This procedure is iterated until the chain is finally
decoupled. In each step, the probability to decouple is
given by two third. Hence, measuring a region of n sites
8adjacent to each side of the pair which one would like de-
couple, leads to a success probability of pcut = 1−2
(
1
3
)n
,
which approaches unity exponentially fast in n.
There are eight different possibilities for
the final state of the pair on which the
Bell inequality will be tested. These are
Ptriplet,APtriplet,B |i〉A
(|0〉A |1〉B − (−1)# |1〉A |0〉B) |j〉B
up to normalization with i, j ∈ {0, 1} and # referring
to the number of cases where one projected on
∣∣2˜〉 .
Ptriplet,A denotes the projector on the triplet space on
site A and similarly for B. In each case the state is pure
and entangled and thus there exists a Bell inequality for
which it achieves the quantum bound [33].
The total number of branches which enter the global
Bell inequality is 32n. However, since the probability for
cutting the chain approaches one exponentially fast, it is
sufficient to choose n logarithmically small in the system
size N . Choosing n = 2log3N leads to a success prob-
ability of psuc = 1 − 2N2 . We now assume that in the
successful cases we obtain the quantum value β∗ and in
the other cases the worst case scenario is to obtain −β∗.
Then the observed value β will be β = β∗(1− 4N2 ). Using
the results from the next section and assuming the worst
case value of β∗ and βL (worst in the sense discussed be-
low), one finds that genuine multipartite entanglement
can be shown for up to
M = 14N
2(1− βLβ∗ ). (37)
Hence genuine multipartite entanglement among all par-
ties can be shown in the large N limit. This is be-
cause the right hand side of eq. (37) can be made larger
than the number of parties N for sufficiently large N
(since βL < β∗). For fixed, small N one has to choose
n suitably. The total number of branches is given by
32n = 32log3N = N2, and thus the protocol is efficient in
the system size. There is some freedom in the choice of n,
e.g. choosing n = (1 + )log3N with  > 0 is also possible
and leads to a total number of branches for each pair of
N1+.
MORE DETAILS ON DICKE STATES
We start with the N -qubit Dicke state with k (1 ≤ k ≤
N − 1) excitations,
∣∣DNk 〉 = (Nk
)−1/2 ∑
permutations
|1〉⊗k |0〉⊗N−k , (38)
and observe that∣∣DNk 〉 = 1√
2
(|0〉 ∣∣DN−1k 〉+ |1〉 ∣∣DN−1k−1 〉) . (39)
This means that measuring one party in the computa-
tional basis results in a N − 1 qubit Dicke state, ∣∣DN−1k 〉
for the plus outcome and
∣∣DN−1k−1 〉 for the minus outcome,
for the remaining N − 1 parties.
Consider now a Dicke state with a single excitation. A
measurement of the Pauli X operator on one party will
lead to the state (up to normalization)
∣∣DN−11 〉±|0〉⊗N−1,
depending on the measurement outcome. A similar result
is obtained for the case of a N -qubit Dicke state with
N − 1 excitations.
Now the LOCC protocol for producing an entangled
state for any pair of parties, starting from a N -qubit
Dicke with k excitations is the following. One per-
forms Z measurements until one has a M -qubit Dicke
state with either one or M − 1 excitations, and then
switches to X measurements. One then obtains a bipar-
tite state of the form χ = a(|01〉 + |10〉) +√1− 2a2 |00〉
(or χ = a(|01〉+ |10〉) +√1− 2a2 |11〉) with a 6= 0, which
is entangled.
Note that there are exponentially (in the system size)
many branches in this LOCC protocol, as it involves mea-
surements on N − 2 parties. Hence it is not efficient, in
contrast to the other examples discussed in this work.
IMPACT OF NON-MAXIMAL BELL
VIOLATIONS
Here we discuss the impact of non-maximal violations
of the bipartite Bell inequalities, which could occur due
to noise. We assume that the observed value of the Bell
inequality for each pair β satisfies βL < β < β∗. This can
be achieved in a general setting by rescaling all bipartite
Bell inequalities such that they all have the same value
β∗. The largest value of all βL also provides a local bound
for all other bipartite Bell inequalities, and similarly the
smallest value of all β can be used. Hence the results
below can be applied in general.
Approach 1
For a single pair define p as the probability that the
two parties belong to the same group. Then the maximal
observed value β compatible with this assumption is β ≤
pβ∗+ (1− p)βL, hence we get a bound on the probability
p ≥ β − βL
β∗ − βL . (40)
Let us now look at a multipartite scenario and assume
that n parties appear in the same group with probability
pn, as shown in Fig. 4b. And the last pair (with the
n-th party and a new one) belongs to the same group
with probability p. One has that the last parties can
be together in two disjoint ways: either all the n + 1
parties are together (probability pn+1), or the last two
are together but the first n are not together (probability
p′), hence
pn+1 + p
′ = p. (41)
However, we also have that p′ ≤ 1− pn, implying
pn+1 = p− p′ ≥ pn − (1− p). (42)
From this we easily obtain
pn+1 ≥ 1− n(1− p). (43)
9As long as the probability for the pn+1 is positive the
observed correlations necessarily contain a fully non-
separable term. Hence, a violation β = β∗f for each
pair in a chain/cover (where f is some kind of fidelity) is
sufficient to prove genuine M -entanglement for up to
M =
⌊
1
1− p
⌋
=
⌊
β∗ − βL
β∗ − β
⌋
. (44)
For a state where one can create a Bell state for each
pair in the cover (e.g. graph states), one can use the
CHSH inequality with βL = 2 and β∗ = 2
√
2. The equa-
tion above then becomes
M =
⌊
2−√2
2
1
1− f
⌋
. (45)
FIG. 4. (a) Illustration of a covering set (blue ellipses). (b)
Illustration for the section on the impact of non-maximal Bell
violations.
Approach 2
Alternatively one can derive the impact of non-
maximal violations of the bipartite Bell inequalities from
eq. (7). We assume that there are N − 1 pairs in the
covering set E, and that one obtains a value of β for the
Bell operator for each of them. A biseparable model can
at most reach a value of (N − 2)β∗ + βL, whereas the
observed quantum value is (N − 1)β. This shows that
for sufficiently large β the observed value is incompati-
ble with a biseparable model, and hence shows genuine
N -partite entanglement. A straightforward calculation
gives
N =
⌊
β∗ − βL
β∗ − β + 1
⌋
, (46)
which is up the term +1 identical to eq. (44).
When β is too small to show the incompatibility with
a biseparable model, one might still be able to show the
incompatibility with an n-separable model. Such a model
can at most reach a value of (N−n)β∗+(n−1)βL, which
for sufficiently large β cannot explain the observed value
(N − 1)β. For the number of genuinely entangled parties
M = Nn one then obtains
M =
⌊
N(β∗ − βL)
N(β∗ − β) + β − βL
⌋
, (47)
which reproduces eq. (44) in the limit N →∞.
PREPARATION OF CLUSTER STATES WITH
NOISY GATES
We simulate the generation of cluster states using noisy
operations in the following way. The imperfect initializa-
tion of qubits is modeled by perfect initialization followed
by LDN parametrized by p1. Noisy single- and two-qubit
gates are modeled by LDN parametrized by p1 and p2,
followed by the ideal gates. Finally an imperfect single-
qubit measurement is described by LDN parametrized by
p1 followed by the perfect measurement.
[1] O. Gu¨hne and G. To´th, Physics Reports 474, 1 (2009).
[2] N. Gisin, Physics Letters A 154, 201 (1991).
[3] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Rev. Mod. Phys. 86, 419 (2014).
[4] A. Coladangelo, K. T. Goh, and V. Scarani, Nature Com-
munications 8, 15485 EP (2017).
[5] J. Bowles, I. Sˇupic´, D. Cavalcanti, and A. Ac´ın, “Device-
independent entanglement certification of all entangled
states,” (2018), arXiv:1801.10444.
[6] J. Bowles, I. Sˇupic´, D. Cavalcanti, and A. Ac´ın, “Self-
testing of Pauli observables for device-independent entan-
glement certification,” (2018), arXiv:1801.10446.
[7] G. Svetlichny, Phys. Rev. D 35, 3066 (1987).
[8] D. Collins, N. Gisin, S. Popescu, D. Roberts, and
V. Scarani, Phys. Rev. Lett. 88, 170405 (2002).
[9] M. Seevinck and G. Svetlichny, Phys. Rev. Lett. 89,
060401 (2002).
[10] J.-D. Bancal, N. Gisin, and S. Pironio, Journal of Physics
A: Mathematical and Theoretical 43, 385303 (2010).
[11] J.-D. Bancal, N. Gisin, Y.-C. Liang, and S. Pironio,
Phys. Rev. Lett. 106, 250404 (2011).
[12] J.-D. Bancal, N. Brunner, N. Gisin, and Y.-C. Liang,
Phys. Rev. Lett. 106, 020405 (2011).
[13] J.-L. Chen, D.-L. Deng, H.-Y. Su, C. Wu, and C. H. Oh,
Phys. Rev. A 83, 022316 (2011).
[14] F. J. Curchod, Y.-C. Liang, and N. Gisin, Journal of
Physics A: Mathematical and Theoretical 47, 424014
(2014).
[15] M. McKague, Theory of Computing 12, 1 (2016).
[16] F. Baccari, J. Tura, M. Fadel, A. Aloy, J.-D. Bancal,
N. Sangouard, M. Lewenstein, A. Ac´ın, and R. Augusiak,
“Bell correlations depth in many-body systems,” (2018),
arXiv:1802.09516.
[17] M. L. Almeida, D. Cavalcanti, V. Scarani, and A. Ac´ın,
Phys. Rev. A 81, 052111 (2010).
[18] I. Sˇupic´, A. Coladangelo, R. Augusiak, and A. Ac´ın,
“A simple approach to self-testing multipartite entangled
states,” (2017), arXiv:1707.06534.
[19] R. Raussendorf, D. E. Browne, and H. J. Briegel, Phys.
Rev. A 68, 022312 (2003).
[20] M. Hein, J. Eisert, and H. J. Briegel, Phys. Rev. A 69,
062311 (2004).
[21] M. Hein, W. Du¨r, J. Eisert, R. Raussendorf,
M. van den Nest, and H.-J. Briegel, in
Quantum Computers, Algorithms and Chaos, Pro-
ceedings of the International School of Physics ”Enrico
Fermi”, Vol. 162 (2006) pp. 115–218.
[22] S. Anders, M. B. Plenio, W. Du¨r, F. Verstraete, and
H.-J. Briegel, Phys. Rev. Lett. 97, 107206 (2006).
[23] I. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys.
Rev. Lett. 59, 799 (1987).
10
[24] D. L. Zhou, B. Zeng, Z. Xu, and C. P. Sun, Phys. Rev.
A 68, 062303 (2003).
[25] M. Bahramgiri and S. Beigi, “Graph States Under the
Action of Local Clifford Group in Non-Binary Case,”
(2006), arXiv:quant-ph/0610267.
[26] A. Kitaev, Annals of Physics 321, 2 (2006), January
Special Issue.
[27] R. Raussendorf and H. J. Briegel, Phys. Rev. Lett. 86,
5188 (2001).
[28] M. Fannes, B. Nachtergaele, and R. F. Werner, Comm.
Math. Phys. 144, 443 (1992).
[29] F. Verstraete, V. Murg, and J. Cirac, Advances in
Physics 57, 143 (2008).
[30] R. Oru´s, Annals of Physics 349, 117 (2014).
[31] It is maximally entangled only for some of the measure-
ment outcomes.
[32] R. H. Dicke, Phys. Rev. 93, 99 (1954).
[33] A. Ac´ın, S. Massar, and S. Pironio, Phys. Rev. Lett. 108,
100402 (2012).
[34] W. Du¨r, M. Hein, J. I. Cirac, and H.-J. Briegel, Phys.
Rev. A 72, 052326 (2005).
[35] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt,
Phys. Rev. Lett. 23, 880 (1969).
[36] In preparation (2018).
